Our principal result thus extends previous results obtained by the author ([6] , [7] ) and Lamoreaux [4] , by removing the 0-dimensionality restriction in [6] or, alternatively, by eliminating the finiteness condition in [7] . Furthermore, with the aid of recent work of Siebenmann [5] , generalizations to ^-manifolds (n Φ 4) may be made. As was observed in [7] , some conditions must be imposed on the manner in which the decompositions are pieced together. The example described by Bing in [2] demonstrates that the continuity condition to be described below is a necessary one.
Notation and terminology* Suppose G is an upper semicontinuous decomposition of a topological space, X Then X/G will denote the associated decomposition space, P will denote the natural projection map from X onto X/G, and H G will denote the collection of nondegenerate elements of G. If U is an open subset of X, then U is said to be saturated (with respect to G) in case U = P^Pf Z7]].
If <%f is a covering of a subset of X, then P[^] = {P[U]ι Ue^S}.
The statement that M is an n-manifold with boundary means that M is a separable metric space such that each point of M has a neighborhood which is an ti-cell. If A is a subset of M, then A is cellular in M if there exists a sequence C lf C 2 , of w-cells in M such that (1) for each positive integer i, C i+1 c Interior C iy and (2) f|Γ=i C< = A. If M is an ^-manifold with boundary, the statement that G is cellular decomposition of M means that G is an upper semicontinuous decomposition of M and each nondegenerate element of G is a cellular subset of M.
If M is a metric space, A a subset of M, then S ε (A) denotes the ε-neighborhood of A and Cl A denotes the closure of A in M. If K is a collection of subsets of M, then if* = \J{k:keK}.
The word map will always be used to indicate a continuous function. If ^ is a collection of subsets of M and Ad M, then 8t(A,%f) = Uf^^ iίl ί7^ 0} .
The main result* The principal theorem will be proved by means of repeated applications of the Lemma which appears below. We say that a cellular decomposition G of a manifold M satisfies condition S if for each saturated open cover ^ of HQ, there exists a closed map h from M onto M such that (1) 
and define f{x) = εJ2. Then / x is a lower semicontinuous function from ^* into (0, oo), and, hence, there exists a continuous map f 2 from ^* into (0, oo) such that 0 </ 2 </ x . For xe^S*, define / 8 (a?) to be d (P(x) , M/G -P[^*]), and finally define f(x) to be min {/ 2 (#),/ 3 (#)} Siebenman's projection approximation theorem [5] may be applied to find a homeomorphism k from ^* onto P[^*] such that d(P(a?), &(«)) < /(α?) for each xe^S*. Then Λ, = krΨ is the desired map. To see this we need only check that for geG and #c^*, there is a Ue^ such that h(g) U gci U. Let 7/ = k^Pig). By our construction there exists a Ue^S such that both P(#) and &(#) belong to P [U] . But &(2/) = P(g); therefore, y and ^r belong to U, which completes the proof.
Suppose Mis a metric space and K is a collection of mutually disjoint subsets of M. If g e K, then K is said to be continuous at g in case for each positive number ε, there exists an open subset V of M containing g such that if g' e K and g' Π F Φ 0, then $ c S ε (g') and g'aS ε (g Proof. We show that G satisfies condition S. Let *W be a saturated open cover of H$. The required function h will be defined as a limit of a sequence of closed, onto maps which are obtained in the following steps.
Step 1 (1) and (2) we have that if peK t and {Xi} is a sequence of points in <&? which converge to p, then the sequence {St (x i9 ^)} a l so converges to p.
: α? e M} (2) If O GM-^7*, then /φ;) = a?. (3) If g e G ί and βr c ^*, then there exists a set of Ue^ such that # U λifor) c U.
In addition, since ^ is saturated with to respect to G, part (3) holds for all geG which are contained in ^*.
Step 2. The decomposition G' 2 = {^ito): #e G 2 } is clearly cellular and upper semicontinuous. Let P' be the projection map from M onto MjG' % and P the projection map from M onto M/(G 1 U G 2 ) Then "" 1 is readily seen to be a homeomorphism from Λf/(Gi U G 2 ) onto
But it was shown in [7] that M/(G 1 U G 2 ) is homeomorphic to M (using Siebenman's generalization [5] of Armentrout's "projection approximation" theorem [1] , the results of [7] may be extended tô -manifolds for n Φ 4). We construct a saturated (with respect to h n [G] (6) ^nciM^u uflSJ = 0. 
Claim. Suppose </' = h n+1 (g) is contained in ^Λ* +1 (^ is an element of G). Suppose 0 <£ ΐ < n + 1. Then there exists £/e ^ί +1 such that g r U ^(flr) c J7. A proof patterned after the proof of the Claim in Step 2 may be used to establish this Claim.
Define h = Lim h n . To see that h is well defined, we observe that for each xe M, there exists an integer N such that for n> N,
This is clearly the case if xeH%, since if N is the first integer such that xeHβ N , then h N (x) does not belong to the succeeding ^* 9 and, hence, is left fixed. If x £ Cl H G then choose N such that
d(x,C\H$)>±.
Then ^(a?) ί ^Λi (see (3) in the inductive Step n + 1) and it follows that fc(α?) = h n (x) for each n> N. Finally, consider the case where x e (Cl Hi) -H| If there exists an open set U such that U Π JBΓ£ = 0 for all but a finite number of i, then it again follows from (3) of
Step n + 1 that the required positive integer N exists. On the other hand, if no such U exists, then there is a sequence {g H } of nondegenerate elements from distinct decompositions G in which converges to x.
But it was noted in Step 1 that in this case x $ <%S? and thus h(x) -x.
We next show that h is continuous. Suppose {#J is a sequence of points in M converging to a point x. If there exists an open set U containing x such that U Π H%. -0 for all but at most a finite number of ί, then it follows again from (3) of the induction Step n + 1 that {h(Xi)} converges to h(x). If no such U exists, then there are two cases to consider. Case 1. x e (Cl H% -H$). Suppose for each i, x t e g n . e G n .. We may assume that the x t lie in ^i* since if not h(Xi) = x t . But as it was observed in Step 1, since the sequence {g H } converges to x, we have that the corresponding sequence {St {g %v ^Ί)} also converges to x. It follows from the Claim in Step n + 1, that h(Xi) e St (g n ., ^ί), and, therefore, [h(Xi)} converges to h(x). Case 2. xeHg. Let n be the first integer such that x e g n e H Gn . But then h n (g n ) is a point and our construction in the inductive steps reduces this case to Case 1.
That h is onto may be seen by the following argument. Suppose p is a point in M. We assume that peg'eG where g'c ^i* (if not, h(p) = p). For each positive integer ί, there exists a point x ζ in f^* such that hi(Xi) = p. It follows from the Claim in Step n + 1 that for each ί, x t e St (g', ^i). Since St (sr', ^Ί) has compact closure (see Step 1) , there exists an accumulation point x of the sequence {#J. For simplicity of notation let us assume that {#J converges to x. We show that h{x) = p.
Let g 6 G be the member of the decomposition which contains x. Choose N large enough so that h n {g) = ft(#) for each w Ξ> iV. First we suppose that there exists a positive integer K ^ N such that for n^K, Su K (g) Π ίβ n =0. Of course, the sequence {h κ (x % )} converges to h κ (x) . But it follows from (3) of Step n + 1, that for i sufficiently large, we will have £*($<) = hi(Xi) = h(Xi). Thus h(x) = p, since ^(^) = p for all i. Now suppose that each open set containing x intersects an infinite number of the iJJ., and, hence, each open set containing h N (x) will also intersect infinitely many of the sets Ht NiGil . Thus, h N {x) belongs to K n+1 (see Step n + 1). Since {h N (Xi)} converges to h N (x) 9 it follows from conditions (1) and (3) of Step n + 1 that the sequence also converges to h N (x). But the Claim in this step ensures that for j > N, hj{xϊ) U h N (xϊ) belongs to St (h N (Xi), %f N 
